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Let BG be the Burnside ring for a ﬁnite group G and let T G be the table
of marks of G. It is known that, in general, neither BG nor T G determines
the ﬁnite group G. That is, one can easily construct pairs of non-isomorphic ﬁnite
groups such that their table of marks is the same (hence, their Burnside rings are
isomorphic). In this note, we show that the composition factors of G are determined
by the table of marks T G.  2001 Academic Press
For a ﬁnite group G let BG denote its Burnside ring. This is simply the
Grothendieck ring of the category of (left) G-sets, which is the free abelian
group on the isomorphism classes of the transitive (left) G-sets G/H for
subgroups H of G. The addition is given by the disjoint union and the
multiplication by the cartesian product of G-sets. The identity element is
the G-set G/G.
For a subgroup H of G we denote by H its conjugacy class. We set
V G = H  H ≤ G	 to be the set of conjugacy classes of subgroups
of G. If X is a transitive (left) G-set, then X is G-isomorphic to a left
coset G/H for some subgroup H of G, and two transitive G-sets G/H and
G/K are G-isomorphic if and only if H = K. We denote by G/H the
G-isomorphism class of the transitive G-set G/H. With these notations, a
general element of x ∈ BG is written as
x = ∑
H∈V G
xH · G/H
 xH ∈ Z for all H ∈ V G (1)
For general facts about Burnside rings we refer to [4]. It is well known
that two non-isomorphic groups G and G1 may have isomorphic Burn-
side rings. The ﬁrst example of such a pair appears in [11]. In fact, Kim-
merle and Roggenkamp (see [6]) constructed examples of non-isomorphic
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groups G and G1 which have not only isomorphic Burnside rings, but also
the same complex character tables as well as the same power maps on con-
jugacy classes (i.e., the same spectral tables). On the positive side of things
however, in [10] it is shown that the Burnside ring of a ﬁnite group G
determines the group G provided that G is either abelian or hamiltonian.
A powerful tool for investigating the Burnside ring of a ﬁnite group G is
the so-called table of marks. To deﬁne it, we ﬁrst number the elements Hi
of V G in increasing order with respect to the order Hi of the subgroups.
Suppose that m denotes the cardinality of V G. Clearly, H1 = e	 and
Hm = G. The table of marks is then the matrix T G ∈MmZ with entries
tij = #G/HiHj
 (2)
that is, the cardinality of the ﬁxed points of the action of Hj on the G-set
G/Hi. We note that the non-negative integer tij coincides with the number
of G-morphisms from G/Hj to G/Hi and is thus independent of the cho-
sen representatives of Hi and Hj. The entries tij may be calculated as
follows.
For H
 K ∈ V G let
αH
K = #E ∈ K  H ⊆ E	 (3)
Notice that the above integer does not depend on the choice of represen-
tatives of H and K. Then
tij = #G/HiHj =
NGHi
Hi
· αHj
Hi (4)
From the way the classes of conjugacy of subgroups V G are ordered, it
can be easily seen that T G is an upper triangular matrix. Its diagonal
elements are precisely equal to NGH/H the orders of the so-called
Weyl groups WGH = NGH/H of H in G for H ∈ V G.
Our starting point was to address the question of whether or not the
Burnside ring of a ﬁnite group G determines the chief series of G. Unfor-
tunately, we have been unable to settle this question. However, we show
that the table of marks of a ﬁnite group G determines a chief series for G.
Our result is the following.
Theorem. Assume that the ﬁnite groups G and G1 have the same table
of marks. Let
1 = H0 < H1 < · · · < Hn−1 < Hn = G (5)
be a chief series for G. Then G1 has a chief series
1 = K0 < K1 < · · · < Kn−1 < Kn = G1 (6)
such that the chief factors Hi/Hi−1 and Ki/Ki−1 are isomorphic for each
index i.
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A result in the same spirit as our Theorem was obtained by Kimmerle
et al. (see [5]) which showed that the chief factors of a ﬁnite group G are
determined by its integral group ring ZG. Our work is very much inspired
by [5].
Notice that, via the above Theorem, it would follow that a chief series
for a ﬁnite group G is determined by the Burnside ring BG if it were
possible to show that BG determines T G. It is easy to see that T G
determines BG, but we were not able to establish the converse.
Thus, we offer the following conjecture:
Conjecture. Assume that G and G1 have isomorphic Burnside rings.
Then, their tables of marks are the same (up to order of V G).
In order to prove our Theorem, we ﬁrst summarize a few properties of
a ﬁnite group G reﬂected in its table of marks.
Proposition 1. Assume that the table of marks T G of a ﬁnite group G
is given. Then,
(a) The order of G is determined.
(b) The orders of all subgroups H of G are determined. Moreover, for
a given H ∈ V G, the order of NGH is determined (here H is a repre-
sentative of H).
(c) The normal subgroups H of G are determined. Moreover, if H is
normal then the table of marks T G/H of the quotient group G/H is deter-
mined.
(d) The number of conjugacy classes of involutions as well as their
lengths is determined.
Proof. (a) Clearly, H1 = e		 is the only conjugacy class of sub-
groups of order 1. Moreover,
t1j = G · αHj
H1 = δ1jG

where δij is the Kronecker symbol. In particular G is equal to the only
non-zero entry from the ﬁrst row of T G.
(b) Let H = Hi for some index i. Clearly, tii = NGH/H.
Moreover,
ti1 =
NGH
H · αH1
Hi =
NGH
H · αe	
H
= NGHH ·
G
NGH
= GH  (7)
Since G is known, the order of H can be computed using the entry ti1 of
T G, and then the order of NGH can be computed using the entry tii
of T G.
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(c) The ﬁrst assertion here is an immediate consequence of (b) since
a representative H of an element H ∈ V G is normal in G if and only if
NGH = G. Moreover, it is clear that normality of a subgroup H of G
is independent of the representative H of H (in fact, H = H	 if and
only if H is normal).
Assume now that H is normal in G and let H = Hi. Let I = j 
αH
Hj = 0	. It is clear that I is the set of indices of conjugacy classes of
subgroups of G containing H. Suppose that K is a subgroup of G contain-
ing H. Then K/H can be naturally identiﬁed with a subgroup of G/H and
with this identiﬁcation
NG/HK/H = NGK/H (8)
Moreover, suppose that K and L are two subgroups of G containing H and
let g be an element of the group G. Then,
gK ⊆ L
as subgroups of G if and only if
gHK/H ⊆ L/H
as subgroups of G/H. The above arguments show that if j
 s ∈ I then
tij =
NGHi
Hi
· αHj
Hi =
NG/HHi/H
Hi/H
· αHj/H
Hi/H (9)
Since every subgroup of G/H is of the form K/H for some subgroup of
G containing H, formula (9) above shows that the submatrix tjsj
 s∈I of
T G is the table of marks of the group G/H.
(d) We think of an involution as a subgroup of order 2. That is, we
identify an element g of order 2 of G with the subgroup H = e
 g	 of
order 2 of G. After this identiﬁcation, NGH = CGg, the centralizer of
the element g in G. In particular, the length of the conjugacy class of g
is simply the index G NGH = G/NGH of NGH in G. Now (d)
follows from (b).
For the proof of the Theorem we proceed by induction on n, the length
of a composition series for G. The case n = 1 is handled by the following
proposition.
Proposition 2. Assume that G is a ﬁnite simple group and that G1 is a
ﬁnite group such that T G = T G1. Then, G ∼= G1.
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Proof. Suppose that G is simple and that T G = T G1. Since G is
simple, it follows, by Proposition 1(c), that G1 is simple as well. Moreover,
by Proposition 1(a), we get that G = G1. The issue of coincidences of
orders of ﬁnite simple groups is usually referred to as Artin’s problem as it
was ﬁrst investigated by Artin (see [1, 2]). From [5], we know that G ∼= G1
with the only exceptions G
G1 = A8
 L34 or Bnq
 Cnq for n ≥ 3
and odd q.
The pair A8
 L34 can be eliminated after a quick look at the “ATLAS
of Finite Groups” (see [3]). Indeed, from [3] we ﬁnd out that A8 has a
subgroup of index 8 while L34 doesn’t. Proposition 1(b) tells us now that
these two groups cannot have the same table of marks.
Assume now that G
G1 = Bnq
 Cnq for some n ≥ 3 and odd q.
From [9], we know that Bnq has an involution central in a Sylow 2-group
whose conjugacy class has size γ = qnqn + !/2. Here, ! ∈ ±1	 is chosen
in such a way that γ is odd. However, in Cnq there is no conjugacy class of
an involution of size γ. Indeed, in [12] it is shown that all conjugacy classes
of involutions in Cnq have sizes strictly larger than γ. By Proposition 1(d),
it now follows that Bnq and Cnq cannot have the same table of marks.
In order to complete the induction we need a few well-known facts about
characteristically simple groups. Recall that a group G is characteristically
simple if G has no non-trivial characteristic subgroups.
Proposition 3. Assume that G is a characteristically simple group.
(a) There exists a positive integer n and a simple group S such that
G ∼= Sn. Thus, we may identify G with
S × S × · · · × S︸ ︷︷ ︸
n times

(b) Assume that S is not abelian and that H is a subgroup of G of
minimal non-zero index. Then there exists a subgroup H1 of S (necessarily
of minimal index in S) such that, up to a permutation of the factors, H =
H1 × Sn−1.
(c) Assume that g ∈ G is an involution. Then there exist g1
 g2
    
 gn
elements of order at most two in S such that g = g1
 g2
    
 gn. Moreover,
CGg = #ni=1CSgi.
Proof. Part (a) is well known. For (b), assume that H does not con-
tain any n− 1 factors S. We ﬁrst notice that the projection of H onto each
factor is surjective. Indeed, if the projection of H onto the ﬁrst factor is
not surjective, then H · Sn−1 is a proper subgroup of G (here by Sn−1 we
have denoted the product of the last n− 1 factors S). From the maximality
of H, we conclude that H contains the last n− 1 factors S which contradicts
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our assumption. Assume now that H contains exactly l factors S. We may
assume that 0 ≤ l ≤ n− 2 and write H = K× Sl. Then K is a core free sub-
group of Sn−l which projects surjectively onto each factor. By Lemma 5.2.6
in [8], we know that K ≤ Sn−l/2. Hence, H ≤ Sn+l/2 ≤ Sn−1 and
since S is simple not abelian, it follows that H cannot be a subgroup of G
of minimal index, since if 1 < K < S then H < K × Sn−1 < Sn. This
takes care of (b), and (c) is obvious.
Proof of the Theorem. We proceed by induction over lG = n, the
length of a composition series for G. The case n = 1 is handled by
Proposition 2. Assume now that n ≥ 2 and that the conclusion of the
Theorem holds for all pairs of groups G
G1 with T G = T G1 for
which lG < n. Let G and G1 be two ﬁnite groups with T G = T G1
such that lG = n. Let H be a minimal normal subgroup of G. By
Proposition 1(b) and (c), it follows that there exists a minimal normal
subgroup H1 of G1 such that H = H1 and T G/H = T G1/H1.
By induction, it follows that G/H and G1/H1 have the same chief fac-
tors. In order to complete the proof, it sufﬁces to show that H ∼= H1.
By Proposition 3, we know that there exist two positive integers a and b
and two simple groups S and S1 such that H = Sa and H1 = Sb1 . Hence,
Sa = S1b. By the power order theorem [5
 61], it follows that a = b and
S = S1. Hence, S ∼= S1 with the only exceptions S
 S1 = A8
 L34 or
Bnq
 Cnq for n ≥ 3 and odd q.
Assume ﬁrst that S
 S1 = A8
 L34. We know that S contains a sub-
group, call it K of index 8. In particular, the subgroup of minimal index
contained in Sa is of the form K × Sa−1. Since H = Sa is a minimal nor-
mal subgroup of G, it follows that G acts transitively by conjugation on
the factors S of H. In particular, the subgroup K (of G) is a subgroup of
minimal index in H and has precisely 8a conjugates in G. In particular, by
Proposition 3, G/NGK = 8a. Since T G = T G1 there should be a
subgroup (of minimal index again) of H1 = Sa1 whose normalizer has index
8a in G. However, we know that the minimal index of a subgroup K1 of S1
is 21, and therefore, by Proposition 3 again and the above argument, the
minimal index (in G1) of the normalizer of a subgroup H1 of minimal index
(in H1) is at least 21a. Now Proposition 1 tells us that G and G1 cannot
have the same table of marks.
Assume now that S
 S1 = Bnq
 Cnq for some n ≥ 3 and odd q.
We know that S has an involution x whose centralizer (in H) has index γ.
In particular, taking g = x
 e
    
 e, it follows that g is an involution of G
contained in H. Moreover, since G acts transitively on the factors S of H, it
follows that the size of the conjugacy class of g in G is precisely aγ. On the
other hand, by Proposition 4 and the fact that G1 acts transitively on the
factors S1 of H1, it follows that the size of a conjugacy class of an involution
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of G1 contained in H1 is at least a times the size of a conjugacy class (in S1)
of an involution of S1. As we have seen in the proof of Proposition 3, all
conjugacy classes of involutions of S1 have sizes strictly larger than γ. This
shows, via Proposition 1(d), that G and G1 cannot have the same table of
marks. The Theorem is therefore proved.
Remark. Parts of the arguments employed at the proof of Proposition 2
as well as at the completion of the induction step in the proof of the
theorem are not new. They have been employed by the authors of [5] in
a similar spirit in order to conclude that the group ring ZG of a ﬁnite
group G determines the composition factors of G.
ACKNOWLEDGMENTS
We thank Jon Alperin, Humberto Cardenas, Jacques The´venaz, and Ernesto Vallejo for
helpful advice.
REFERENCES
1. E. Artin, The orders of the linear groups, Comm. Pure Appl. Math. 8 (1955), 355–365.
2. E. Artin, The orders of the classical simple groups, Comm. Pure Appl. Math. 8 (1955),
455–472.
3. J. H. Conway, R. T. Curtis, S. P. Norton, R. A. Parker, and R. A. Wilson, “ATLAS of
Finite Groups,” Oxford Univ. Press, Oxford, 1985.
4. C. Curtis and I. Reiner, “Methods of Representation Theory,” Vol. II, Wiley, New York,
1987.
5. W. Kimmerle, R. Lyons, R. Sandling, and D. N. Teague, Composition factors from the
group ring and Artin’s theorem on orders of simple groups, Proc. London Math. Soc. (3)
60 (1990), 89–122.
6. W. Kimmerle and K. W. Roggenkamp, Non-isomorphic groups with isomorphic spectral
tables and Burnside matrices, Chinese Ann. Math. Ser. B 15 (1994), 273–282.
7. W. Kimmerle and R. Sandling, Group-theoretic and group ring-theoretic determination of
certain Sylow and Hall subgroups and the resolution of a question of R. Brauer, J. Algebra
171 (1995), 329–346.
8. P. Kleidman and M. Liebeck, “The Subgroup Structure of the Finite Classical Groups,”
Cambridge Univ. Press, Cambridge, UK, 1990.
9. J. B. Olsson, Odd order extensions of some orthogonal groups, J. Algebra 28 (1974),
573–596.
10. C. A. Raggi and E. Vallejo, Abelian and Hamiltonian groups with isomorphic Burnside
rings are isomorphic, Arch. Math. (Basel) 58 (1992), 121–125.
11. J. The´venaz, Isomorphic Burnside rings, Comm. Algebra 16 (1988), 1945–1947.
12. W. J. Wong, Characterization of the ﬁnite simple groups PSp2nq, J. Algebra 14 (1970),
531–551.
